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Abstract
With the aid of the natural fibration on a complex hyperbolic plane we study holomorphic helices
of proper order 3 and show that they are not bounded if their second curvature is sufficiently large.
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1. Introduction
A smooth curve γ on a Riemannian manifold M which is parametrized by its
arclength is called a helix of proper order d if there exist orthonormal frame fields {V1 =
γ˙ , V2, . . . , Vd } along γ and positive constants κ1, . . . , κd−1 which satisfy the following
system of ordinary equations
∇γ˙ Vj (s) = −κj−1Vj−1(s) + κjVj+1(s), j = 1, . . . , d,
where V0 and Vd+1 are null vector fields along γ . The constant κi , i = 1, . . . , d − 1, is
called the ith curvature of γ . When d = 1 it is a geodesic, and when d = 1 or 2 it is also
called a circle. It is well known that every geodesic on a manifold of nonpositive curvature
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is not bounded. On the contrary, it was showed in the preceding papers [6,1,4] that on a
complex hyperbolic space there exist both infinitely many bounded circles and unbounded
circles. These features depend on the curvature of circles and the holomorphic sectional
curvature of the space (cf. [2]). Since every circle on a complex hyperbolic space lies on a
totally geodesic complex hyperbolic plane, in this short note we pay particular attention to
helices of proper order 3 on a complex hyperbolic plane.
2. Complex torsions
For a helix γ of proper order d on a Kähler manifold with complex structure J and
Riemannian metric 〈 , 〉, we defined its complex torsions by τi,j = 〈Vi, JVj 〉, 1  i <
j  d , which are real analytic functions. In the study of helices on a Kähler manifold
these complex torsions also play an important role as well as their curvatures. We call two
smooth curve γ1, γ2 on a Riemannian manifold which are parametrized by their arclength
congruent if they can be identified under the action of the isometry group and translating
parameters: That is there exist an isometry ϕ of the base manifold and a constant s0 with
γ2(s + s0) = ϕ ◦ γ1(s) for every s. On a nonflat complex space form, which is either a
complex projective space or a complex hyperbolic space, two helices γ1, γ2 are congruent
if and only if they have the same proper order d and the same curvatures, and their complex
torsions τij (s;γ1), τij (s, γ2) satisfy one of the following conditions (see [8]):
(i) τij (s;γ2) = τij (s + s0;γ2) for all i < j with some constant s0,
(ii) τij (s;γ2) = −τij (s + s0;γ2) for all i < j with some constant s0.
We call a helix holomorphic if all its complex torsions are constant functions. On a nonflat
complex space form a helix is holomorphic if and only if it is generated by some Killing
vector field.
For circles of positive curvature κ1, as
τ ′12 = 〈V1, JV2〉′ = κ1〈V2, JV2〉 − κ1〈V1, JV1〉 = 0,
we see they are holomorphic. On the contrary, for a helix of proper order 3 we have
τ ′12 = κ2τ13, τ ′13 = κ1τ23 − κ2τ12, τ ′23 = −κ1τ13.
Hence it is holomorphic if and only if τ13 ≡ 0 and κ1τ23 = κ2τ12 hold. In particular, on a
Kähler surface (i.e., Kähler manifold of complex dimension 2) we have the following [7]:
Proposition 1. Let M be a Kähler surface.
(1) The complex torsions of a holomorphic helix on M of curvature κ1, κ2 are given by
τ12 = ±κ1/
√
κ21 + κ22 , τ13 = 0, τ23 = ±κ2/
√
κ21 + κ22 , (2.1)
where the double signs take the same signature (that is, both of them are plus or both
of them are minus).
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(2) Conversely for given positive constants κ1 and κ2, there exists a holomorphic helix of
proper order 3 of curvatures κ1, κ2 and of complex torsions given by (2.1) on M .
Therefore for a complex projective plane and a complex hyperbolic plane we see that the
moduli spaceM2 of helices of proper order 2 is identified with a band (0,∞)×[0,1], and
thatM3 of holomorphic helices of proper order 3 is a quarter of a plane (0,∞) × (0,∞).
In [5] and [3] we studied the structure ofM2 and showed that it has a natural lamination
structure. We are hence interested in holomorphic helices of proper order 3. Our result is
the following:
Theorem 2. In a complex hyperbolic plane CH 2(−4) of holomorphic sectional curvature
−4, a holomorphic helix of proper order 3 is not bounded if its curvatures satisfy either
κ22  1/3 or κ21 + κ22  3.
For about circles on a complex hyperbolic plane CH 2(−4), they are bounded if and
only if their curvature κ1 satisfies κ1 > 2 (see [4]). The reader should compare this result
to our theorem. Theorem 2 guarantees that for about holomorphic helices of proper order 3
with second curvature κ2  1/
√
3 they are unbounded without any conditions on their first
curvature.
3. Proof of theorem
In order to study curves on a complex hyperbolic space the natural fibration of anti-de
Sitter space
H 2n+11 =
{
(z0, . . . , zn) ∈Cn+1 | −|z0|2 + |z1|2 + · · · + |zn|2 = −1
}
is quite useful. For the sake of simplicity we only study holomorphic helices on a
complex hyperbolic plane CH 2(−4) of constant holomorphic sectional curvature −4. It
is needless to say that this study is enough to show our theorem. For a holomorphic helix
γ of proper order 3 we choose one of its horizontal lift γ˜ with respect to the natural
fibration  :H 2n+11 → CHn(−4). The relationship between Riemannian connections ∇
on CHn(−4) and ∇¯ on Cn+1 is given by
∇¯XY = ∇XY + 〈X,Y 〉N − 〈X,JY 〉JN,
where N is a unit normal vector field of H 2n+11 in Cn+1, and for vector fields X, Y on
CHn(−4) we consider corresponding horizontal vector fields on H 2n+11 , which is also
denoted by X, Y (see [4]). Thus by regarding γ˜ as a curve of a complex Euclidean
space C3, we find it satisfies
γ˜ (4) + (κ21 + κ22 − 1)γ˜ ′′ + √−1κ1τ12γ˜ ′ − κ22 γ˜ = 0.
We consider the characteristic equation
λ4 + (κ21 + κ22 − 1)λ2 + √−1κ1τ12λ − κ22 = 0
associated with this linear differential equation. By putting Λ = −√−1λ we see that γ is
bounded if and only if the following quartic function
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Λ4 − (κ21 + κ22 − 1)Λ2 − κ1τ12Λ − κ22
=
(
Λ ∓
√
κ21 + κ22
)(
Λ3 ±
√
κ21 + κ22 Λ2 + Λ ± κ22/
√
κ21 + κ22
)
has 4 different (real) zeros, where the double signs correspond to the signature of τ12.
In order to show our theorem it is enough to prove the cubic function f (Λ) = Λ3 ±√
κ21 + κ22 Λ2 + Λ ± κ22/
√
κ21 + κ22 does not have three different real zeros under our
conditions. When κ21 + κ22  3, it is monotone increasing, hence it is trivial. When
κ21 + κ22 > 3, the cubic function f takes a maximal value at Λ = {∓
√
κ21 + κ22 −√
κ21 + κ22 − 3 }/3 and a minimal value at Λ = {∓
√
κ21 + κ22 +
√
κ21 + κ22 − 3 }/3. Hence
we check the value
27
(
κ21 + κ22
)
f
(
1
3
{
∓
√
κ21 + κ22 −
√
κ21 + κ22 − 3
})
× f
(
1
3
{
∓
√
κ21 + κ22 +
√
κ21 + κ22 − 3
})
= (4κ22 − 1)(κ21 + κ22 )2 − 18κ22 (κ21 + κ22 )+ 27κ42 + 4(κ21 + κ22 )
= (4κ22 − 1)
{
κ21 +
2(2κ42 − 5κ22 + 1)
4κ22 − 1
}2
+ 4(3κ
2
2 − 1)3
4κ22 − 1
.
Thus the cubic function f has only one zero under our conditions, which leads us to our
theorem.
For the sake of completeness, we here give information on other cases. When 0 < κ22 <
1/3, as the continuous function
2
(
1 − 4κ22
)−1{2κ42 − 5κ22 + 1 + (1 − 3κ22 )3/2}+ κ22
with respect to κ22 is monotone decreasing, we see κ
2
1 + κ22 > 3. Thus above proof for
Theorem 2 guarantees the following.
Proposition 3. Let γ be a holomorphic helix of proper order 3 on CH 2(−4) with
curvatures κ1, κ2.
(1) If κ2 = 1/2, then it is bounded if and only if κ1 > 5
√
2/4.
(2) When 0 < κ2 < 1/2, then it is bounded if and only if
κ21 >
2
1 − 4κ22
{
2κ42 − 5κ22 + 1 +
(
1 − 3κ22
)3/2}
.
(3) When 1/2 < κ2 < 1/
√
3, it is bounded if and only if
2
4κ22 − 1
{−2κ42 + 5κ22 − 1 − (1 − 3κ22 )3/2}< κ21
<
2
4κ22 − 1
{−2κ42 + 5κ22 − 1 + (1 − 3κ22)3/2}.
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Since the function 2(1 − 4κ22 )−1{2κ42 − 5κ22 + 1 + (1 − 3κ22 )3/2} with respect to κ22 is
monotone decreasing and convex on 0 < κ22 < 1/3, and the function 2(4κ
2
2 −1)−1{−2κ42 +
5κ22 − 1 + (1 − 3κ22 )3/2} with respect to κ22 is monotone decreasing and concave on
1/4 < κ22 < 1/3, the moduli space of holomorphic helices of proper oder 3 is Fig. 1. We
find the boundary of the set of all congruence classes of bounded holomorphic helices of
order 3 has a cusp at (κ1, κ2) = (2
√
6/3,
√
3/3).
4. Limit points at infinity
For a smooth unbounded curve γ on a Hadamard manifold M we define its point at
infinity by
γ (∞) = lim
s→∞γ (s), γ (−∞) = lims→−∞γ (s)
if they exist in the ideal boundary of M . We shall call γ horocycle if the following
conditions hold:
(i) it has a single limit point; γ (∞) = γ (−∞),
(ii) if γ crosses a geodesic σ with σ(∞) = γ (∞) then they cross orthogonally at their
crossing point.
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These conditions are equivalent to the condition that γ is unbounded in both directions (i.e.,
both the sets γ ((−∞,0]) and γ ([0,∞)) are unbounded) and lies on some horosphere. Our
proof of Theorem 2 and Proposition 3 shows the following:
Proposition 4. Let γ be a holomorphic helix of proper order 3 on a complex hyperbolic
plane CH 2(−4) with curvatures κ1, κ2.
(1) If it satisfies one of the conditions
(i) κ22  1/3,
(ii) 0 < κ2 < 1/2 and κ21 (1 − 4κ22 ) < 2{2κ42 − 5κ22 + 1 + (1 − 3κ22 )3/2},
(iii) 1/2 < κ2 < 1/
√
3 and κ21 (4κ
2
2 − 1) < 2{−2κ42 + 5κ22 − 1 − (1 − 3κ22 )3/2},
(iv) 1/2 < κ2 < 1/
√
3 and κ21 (4κ
2
2 − 1) > 2{−2κ42 + 5κ22 − 1 + (1 − 3κ22 )3/2},
then it has two distinct points at infinity. In particular, it does not lie on any horosphere.
(2) If κ1 = 2
√
6/3, κ2 =
√
3/3, then it is a horocycle.
Proof. In the first case, as the cubic equation f (Λ) = 0 has two nonreal zeros, the assertion
is trivial. In the case κ1 = 2
√
6/3, κ2 =
√
3/3, as the equation f (Λ) = 0 has a triple zero
∓1/√3, we see γ˜ is either of the form
γ˜ (s) = Ae
√−3s +Be−
√−3 s/3 + Cse−
√−3 s/3 + Ds2e−
√−3 s/3
where A,B,C,D ∈C3, or the curve with reversed parameter. If initial condition is
γ (0) = (z), γ˙ (0) = d((z,u)), ∇γ˙ γ˙ (0) = d((z, v)),
∇γ˙ ∇γ˙ γ˙ (0) = d((z,w)),
with z ∈ H 51 ⊂ C3 and horizontal unit vectors (z, u), (z, v), (z,w) ∈ TzH 51 , we find D =
(z+√−3u+√6v)/3, because γ˜ (0) = z, ˙˜γ (0) = u, ¨˜γ (0) = κ1v+ z. Along the same lines
as in [1, p. 478] we get our assertion (see also [4, p 39]). 
We should note that on a complex hyperbolic space CHn(−c) of constant holomorphic
sectional curvature −c every circle of curvature √c is a horocycle and every circle of
curvature less than
√
c is unbounded with two distinct points at infinity.
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